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Comment on “Aharonov-Casher and Scalar
Aharonov-Bohm Topological Effects ”
In a recent Letter [1], Dulat and Ma drive (i) the rel-
ativistic Hamiltonian, Eq. (17), of a fixed spin from the
spin-state projected Lagrangian L+, Eq. (6), with the
U(1)mm gauge structure for a neutral spin half particle
with an anomalous magnetic moment µ, discuss (ii) the
conditions, Eqs. (23)-(25), for a topological Aharonov-
Casher (AC) and scalar Aharonov-Bohm (SAB) effects,
and then make (iii) the conclusion that the arguments
of Peshkin and Lipkin [2], which state that the AC and
SAB effects are not topological, are incorrect, by stat-
ing that “they (Peshkin and Lipkin) are based on the
wrong Hamiltonian which yields their incorrect conclu-
sion.” based on the observation that there is no U(1)mm
gauge structure in the Hamiltonian of Peshkin and Lip-
kin. In this Comment we point out (i) that their Hamil-
tonian, Eq. (17), is not a relativistic Hamiltonian, (ii)
then that the conditions are irrelevant for a topological
AC and SAB effects, and (iii) conclusively that the non-
relativistic Hamiltonian employed by Peshkin and Lipkin
[2] has the same U(1)mm gauge structure for a fixed spin
and then is not wrong, but their incorrect interpretation
of the spin autocorrelations led to the incorrect conclu-
sion.
In the Letter [1], in order to obtain the underlying
U(1)mm gauge symmetry in the Largrangian L, Eq. (1),
Dulat and Ma use the spin projection operator such that
the polarization direction of the neutral particle does not
vary. However, the spin-state projected Lagrangian L+,
Eq. (6), cannot preserve the relativistic invariance be-
cause the spin should undergo a Wigner rotation under
a general Lorentz transformation. This implies that a
fixed spin is possible only in a certain reference frame.
Consequently, the Hamiltonian, Eq. (17), driven from
the Lagrangian L+, Eq. (6), is not a relativistic Hamil-
tonian. Subsequently, its non-relativistic approximated
Hamiltonian, Eq. (18), is unphysical. For instance, for
the AC interaction, the right non-relativistic Hamilto-
nian is in Eq. (21) driven by Aharonov and Casher in
[3]. Evidently, thus, the conditions, Eqs. (23)-(25), in
order to recover the original AC or/and SAB Hamilto-
nians in their Hamiltonian, Eq. (18), are not physically
meaningful for the necessary conditions of the AC and
SAB setups.
The total non-relativistic Hamiltonian of Peshkin and
Lipkin, including both the AC and SAB effects, consid-
ered in [2] can be actually written as
H =
1
2m
(p− µσ ×E)
2
− µσ ·B (1)
for a neutral particle with velocity v in electric and mag-
netic fields E andB. This Hamiltonian has the SU(2)spin
gauge symmetry. However, for fixed spins, Eq. (1) has
the same U(1)mm gauge structure with A = s × E and
A0 = s · B as introduced in [1], where new electric
and magnetic fields can be defined as E = −∇A0 and
B = ∇ × A, respectively. Then, A and A0 can induce
the topological AC and SAB effects for fixed spins, re-
spectively. To generate topological AC and SAB phases,
as is known, the prerequisite conditions of force-free and
torque-free are required for the AC and SAB setups. For
a given H, the force dpdt = [p,H] and the spin torque
dσ
dt = [σ,H] on the neutral particle should be zero for
the topological AC and SAB setups. For the SAB setup,
as an example, the force and the spin torque are given
by dpdt = i~µ∇ (σ ·B) and
dσ
dt = µσ ×B (introduced as
Eq. (8) in [2] and Eq. (27) in [1]), respectively. Let us
consider that the spin is fixed in the |+z〉 state and +z is
the direction of the magnetic field B = Bz zˆ. Then, the
force becomes zero, ∇ (s ·B) = 0 = E . The spin torque
also becomes zero, as shown as follows: σx and σy are
actually the spin flip operators so that the expectation
value of the spin torque, 〈+z(t)|σx/yBz |+z(t)〉, should
be zero for fixed spins. Thus, no Larmor-type preces-
sion occurs, which cannot give the frequency ω = 2µB/~
in the spin correlations of Eq. (11) in [2]. Resultantly,
Peshkin and Lipkin have missed the trivial solution of
the spin correlation equations, C(t) = 0 and S(t) = 0 in
Eq. (12) in [2]. Indeed, Dulat and Ma have also noticed
[1] that the effects of the quantum fluctuations in Eq.
(12) in [2] can exist only at a very short time, ∆t ≈ 0.
Consequently, the SAB and AC effects can be topological
for fixed spins. The reason why Peshkin and Lipkin have
made the incorrect conclusion in [2] is not because of us-
ing a wrong Hamiltonian as Dulat and Ma have claimed
in [1], but because of their incorrect interpretation of the
spin torque equation.
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